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‘不积跬步 无以至千里 不积小流 无以成江海’ – 荀子《劝学》
Unless you collect little steps,

you can never journey a thousand miles;
Unless you gather tiny streams,

you can never make a river or a sea.
– Xun Zi, Encouraging Learning

Many large-scale phenomena emerge from individual-level
interactions.
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Agent-based models

Agent-based models are flexible, interpretable and used in many
fields:

social sciences,

demographics,

ecology,

macroeconomics.
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Books on agent-based models
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Softwares for agent-based models

Anylogic
Netlogo

Repast
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Agent-based models and COVID
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Agent-based models and COVID: current practice

1 Build an agent-based model;

2 Find model parameters from prior studies or estimate them
through simulation-based optimization;

3 Predict outcomes by simulating from the agent-based model.
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From simulations to inference

Agent-based models are ubiquitous and have been used as a
simulation paradigm or for model–based predictions;

statistical inference for these models has not received as
much attention.
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Outline

1 Scientific problem: inference in agent-based SIS model.

motivation,

hidden Markov model.

2 Computational challenge: design of sequential Monte Carlo
algorithm.

intractable likelihood,

bootstrap particle filters are inefficient.
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Compartmental models in epidemiology
Compartments: susceptible, infected, recovered, etc.
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Equation-based models

St+1 = St − λItSt/N + γIt,
It+1 = It + λItSt/N − γIt.
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Assumptions are unrealistic:
the network is fully
connected,
agents are homogeneous.
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Network
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Heterogeneous agents
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Gender-specific (left) and age-specific (right) distributions of the
Covid-19 incubation period (Zhao, Ju, Bacallado & Shah, 2020, to
appear on AoAS).
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We need agent-based models because:

they allow realistic assumptions on network structure and
agent heterogeneity;

we can incorporate prior individual-level information into the
models;

they allow individual-level policy making.
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Outline

1 Scientific problem: inference in agent-based SIS model.

motivation,

hidden Markov model.

2 Computational challenge: design of sequential Monte Carlo
algorithm.

intractable likelihood,

bootstrap particle filters are inefficient.



ABM HMM APF cSMC Summary Discussions

Agent-based SIS model: a hidden Markov model
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1 Xt = (X1
t , . . . ,XN

t ) is the state of the population at time
t ∈ [0 : T];

2 The time evolution of the population is
X0 ∼ µθ, Xt|Xt−1 = xt−1 ∼ fθ(·|xt−1), t ∈ [1 : T].

3 Yt ∼ gθ(· | Xt) is the number of reported infections at time t.
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Agent-based SIS model: a hidden Markov model

Xn
t =

{
0 if agent n is susceptible
1 if agent n is infected

at time t.

Each agent has covariates are wn ∈ Rd and a set of neighbors
N (n).

Parameters are θ = {β0, βλ, βγ , ρ} ∈ R3d × (0, 1).

Initial infection probabilities αn
0 = (1 + exp(−β⊤0 wn))−1,

infection rates λn = (1 + exp(−β⊤λ wn))−1,
recovery rates γn = (1 + exp(−β⊤γ wn))−1.
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Agent-based SIS model: a hidden Markov model

y0

X1
0

X2
0

X3
0

y1

X1
1

X2
1

X3
1

y2

X1
2

X2
2

X3
2

y3

X1
3

X2
3

X3
3

y4

X1
4

X2
4

X3
4

ρ

βγβλβ0



ABM HMM APF cSMC Summary Discussions

Agent-based SIS model: interactions and evolution

Initial distribution µ: xn
0 ∼ Bern(αn

0) independently.

Agents interact through a network and {N (n)} denotes the
neighbors.

The evolution is xn
t | xt−1 ∼ Bern(αn(xt−1)) independently

with

αn(xt−1) =

{
λn |N (n)|−1

∑
m∈N (n) xm

t−1, if xn
t−1 = 0 (S → I),

1− γn, if xn
t−1 = 1 (I → I).
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Agent-based SIS model: observation process

We can only observe a proportion of the infections:

gθ(yt | Xt = xt) = Bin(yt; I(xt), ρ),

where

I(xt) =
N∑

n=1

xn
t

is the unobserved total infection count at time t.

Here I(xt) is a summary of xt and it is sufficient for the
observation model gθ.
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The marginal likelihood is L(θ) = pθ(y0:T).

Frequentist: θ̂MLE = arg maxθ L(θ).

Bayesian: p(θ | y0:T) ∝ p(θ)pθ(y0:T).
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Marginal likelihood

The marginal likelihood of the hidden Markov model is

pθ(y0:T) =
∑

x∈{0,1}N(T+1)

µ(x0)
T∏

t=1

f(xt | xt−1)

T∏
t=0

g(yt | xt)

= Ex∼µ,f

[ T∏
t=0

g(yt | xt)

]
.

We will focus on computing p(y0:T) and surpress the θ in notation.
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Outline

1 Scientific problem: inference in agent-based SIS model.

motivation,

hidden Markov model.

2 Computational challenge: design of sequential Monte Carlo
algorithm.

intractable likelihood

bootstrap particle filters are inefficient.



ABM HMM APF cSMC Summary Discussions

Forward-backward algorithm

We have a hidden Markov model with a discrete state-space.

The forward-backward algorithm allows us to exactly compute
the marginal likelihood with cost of the order
(#of states)2 × (#of observations).

For our agent-based SIS model, this is O(22NT).
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Importance sampling
We can approximate integrals using weighted samples.
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p(y0:T) = Ex∼µ,f

[ T∏
t=0

g(yt,Xt)

]
.

proposal

x0 ∼ µ, xt | xt−1 ∼ f.

weight

w(x) =
T∏

t=0

g(yt | xt).

estimate

p̂(y0:T) =
1

P

P∑
p=1

w(x(p)).

y0 = (1, 2, 1, 1, 0), α0 = (0.3, 0.4, 0.5), ρ = 0.8, λ = (0.3, 0.4, 0.5), γ = (0.3, 0.2, 0.1).
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Bootstrap particle filter

To estimate p(y0:T), we can apply importance sampling recursively
and add a resampling step.
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p(y0:T) = Ex∼µ,f

[ T∏
t=0

g(yt, xt)

]

proposal

x0 ∼ µ, xt | xt−1 ∼ f.

weight

w(xt) = g(yt | xt).

resample with replacement according
to weights.
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Propose x0 ∼ µ for each particle.
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X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>BPF
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Weight w(x0) = g(y0 | x0) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>BPF
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Resample according to weights, and then
propose x1 ∼ f(x1 | x0) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>BPF



ABM HMM APF cSMC Summary Discussions

Weight w(x1) = g(y1 | x1) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>BPF

We can keep going until time T.



ABM HMM APF cSMC Summary Discussions

Bootstrap particle filter: curse of dimensionality

The bootstrap particle filter is not practical for large N because:

need many particles to obtain small variance of p̂(y0:T),

the marginal likelihood estimate might collapse to zero:

w(xt) = g(yt | xt) = Bin(yt; I(xt), ρ)

= 1 (yt ≤ I(xt))

(
I(xt)

yt

)
ρyt(1− ρ)I(xt)−yt .
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Outline

1 Scientific problem: inference in agent-based SIS model.

motivation,

hidden Markov model.

2 Computational challenge: design of sequential Monte Carlo
algorithm.

intractable likelihood,

bootstrap particle filter is inefficient.
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Bootstrap particle filter: how to improve?
Three elements of sequential Monte Carlo samplers:

1 sampling from the proposal,
2 computing the weight,
3 resampling scheme.

Some proposals are better than the others, and we will improve the
particle filters by designing good proposals.

picture credit: unsplash.com

unsplash.com
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Bootstrap particle filter (BPF) proposes from f(xt | xt−1) and
knows the past;

Auxiliary particle filter (APF) knows the past and the present;

Controlled sequential Monte Carlo (cSMC) knows the past,
the present, and the future.
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More information → better performance. But what’s the price?



ABM HMM APF cSMC Summary Discussions

Auxiliary particle filter

The one-step look-ahead proposal of APF:

p(xt | xt−1, yt) ∝ f(xt | xt−1)g(yt | xt).

BPF proposal:
f(xt | xt−1).

(Pitt & Shephard, 1999; Chen et al., 2000; Johansen & Doucet, 2008)



ABM HMM APF cSMC Summary Discussions

Propose x0 ∼ p(x0 | y0) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF
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Propose x0 ∼ p(x0 | y0) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>BPF
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Weight w(x0) = g(y1 | x0) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF
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Resample according to weights, and then
propose x1 ∼ f(x1 | x0, y1) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF
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Weight w(x1) = g(y2 | x1) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF
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Auxiliary particle filter: the crystal ball
proposal

p(xt | xt−1, yt)

weight

w(xt) = p(yt+1 | xt)

the auxiliary variable

I(xt) =
N∑

n=1

xn
t .

photo credit: harrypotter.fandom.com

harrypotter.fandom.com
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Auxiliary variable: the wand

The weight is

p(yt+1 | xt) =
∑

xt+1∈{0,1}N

g(yt+1 | xt+1) f(xt+1 | xt)

=

N∑
I(xt+1)=0

p(yt+1 | I(xt+1)) p(I(xt+1) | xt).

I is the magical wand:
size of enumeration from 2N ↘ N + 1.
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Auxiliary variable: the wand
What is the distribution of I(Xt+1) | xt?

1 I(Xn
t+1) =

∑N
n=1 Xn

t+1;
2 Xn

t+1 | Xt = xt ∼ Bern(αn(xt)) independently.

The sum of N independent Bernoulli variables with non-identical
success probabilities follows a Poisson binomial distribution.

p(I(Xt+1) | xt) = PoisBin(I(xt+1);α(xt−1)).

We can compute Poisson binomial PMF in O(N2) steps with
dynamic programming.

(Chen & Liu, 1997)



ABM HMM APF cSMC Summary Discussions

APF weight

The weight is w(xt) = p(yt+1 | xt) and

p(yt+1 | xt) =
N∑

I(xt+1)=0

p(yt+1 | I(xt+1)) p(I(xt+1) | xt)

=

N∑
I(xt+1)=0

Bin(yt+1; I(xt+1), ρ) PoisBin(I(xt+1);α(xt)).

We can compute p(yt+1 | xt) in O(N2) steps.
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APF proposal

Remember that weight and proposal go hand in hand.

compute the weight

p(yt+1 | xt).

sample from the proposal

p(xt | xt−1, yt).
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APF proposal: a decomposition

The proposal is p(xt | xt−1, yt).

With the auxiliary variable it = I(xt), it becomes

p(xt, it | xt−1, yt) = p(it | xt−1, yt) p(xt | xt−1, it).

First part

p(it | xt−1, yt) =
PoisBin(it;α(xt−1))Bin(yt; it, ρ)

p(yt | xt−1)
.

Using Poisson binomial PMF, we can sample it | yt, xt−1 in O(N2)
steps.
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APF proposal

Second part has density

p(xt | xt−1, it) = I(I(xt) = it)
∏N

n=1(α
n(xt−1))

xn
t (1− αn(xt−1))

1−xn
t

PoisBin(it;α(xt−1))
.

Conditional Bernoulli distribution:

if Zn ∼ Bern(αn) independently, then Z |
N∑

n=1

Zn = i ∼?

We can sample exactly from the conditional Bernoulli
distribution in O(N2) steps.

(Chen & Liu, 1997)
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Reducing cost of APF

We have seen that the proposal and weight steps can be
performed exactly in O(N2) operations.

Can this be even faster?
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Translated Poisson approximation
The weights w(xt) = p(yt+1 | xt) are Poisson binomial PMFs.

Translated Poisson approximation utilizes ‘moment-matching’.

This approximation gets
better as N increases:

∥PoisBin − TP∥TV ≤ cα/
√

N.
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(Barbour & Ćekanavićius, 2002)
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Conditional Bernoulli distribution

We can employ Markov chain Monte Carlo (MCMC) to sample
from conditional Bernoulli distributions CondBern(α, I).

Swap move has constant cost per iteration.

=⇒swap

Does this chain converge fast enough when I ∝ N?
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Conditional Bernoulli distribution
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Prove convergence via coupling;
Combine path coupling and a
partition of the state space.

Theorem from Heng, Jacob & Ju, 2020 (under review at
Biometrika)
With probability at least 1− exp(−νN), we have

∥z(t) − CondBern(α, I)∥ ≤ ε for all t ≥ κN log(N/ε).
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APF

Auxiliary variable

it = I(xt) =
N∑

n=1

xn
t .

1 intermediate step in sampling

p(xt, it | xt−1, yt);

2 instrumental variable in marginalization

p(yt | xt−1) =

N∑
it=0

p(yt | it)p(it | xt−1).
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From APF to cSMC
One-step look-ahead is still a
local strategy.

We want an ‘all-step’
look-ahead proposal.

photo credit: harrypotter.fandom.com

harrypotter.fandom.com
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Controlled SMC: the hall of prophecy

The ‘best’ proposal takes all future observations into account:
the smoothing distribution

p(xt | xt−1, yt:T).
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Controlled SMC: the hall of prophecy

Propose x0 ∼ q(x0 | y0:T) ≈ p(x0 | y0:T) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>cSMC



ABM HMM APF cSMC Summary Discussions

Controlled SMC: the hall of prophecy
Propose x0 ∼ q(x0 | y0:T) ≈ p(x0 | y0:T) for each particle.

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

X0
<latexit sha1_base64="LUZlogO0D0DoP0tRQHd7vH8NIiE=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHbeTL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuVORIA==</latexit>

X1
<latexit sha1_base64="DekUkD0Fz9n1pd+3ci7duYriRAQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW5aHa+TL7hFdwqyTLw5KZSPat/8vfJR7eQ/77oRS0KUhgmqddtzY+OnVBnOBI5zd4nGmLIh7WPbUklD1H46PXVMTq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1E9O79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07OhuAtvrxMGqWid14s1WwaFZghC8dwAmfgwQWU4RqqUAcGfXiAJ3h2hPPovDivs9aMM585hD9w3n4AuteRIQ==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

X2
<latexit sha1_base64="n0KzSBwzy2nUazRKnI7mqWt2FZo=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2MkmGzM4uM3eFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSxFAZd98vJrKyurW9kN3Nb2zu7e/n9g4aJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHg18Zv3XBsRqVscxdwPaV+JnmAUrXTT6pQ6+YJbdKcgy8Sbk0L5qPYt3isf1U7+864bsSTkCpmkxrQ9N0Y/pRoFk3ycu0sMjykb0j5vW6poyI2fTk8dk1OrdEkv0rYUkqn6eyKloTGjMLCdIcWBWfQm4n9eO8HepZ8KFSfIFZst6iWSYEQmf5Ou0JyhHFlCmRb2VsIGVFOGNp2cDcFbfHmZNEpF77xYqtk0KjBDFo7hBM7AgwsowzVUoQ4M+vAAT/DsSOfReXFeZ60ZZz5zCH/gvP0AvFuRIg==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

X3
<latexit sha1_base64="SloKnMHyKj9cCvxcfaABHq6wZ50=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuUmgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtu1fu5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFUt2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hvd+RIw==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

X4
<latexit sha1_base64="l1eyWH7WukMTybL1UNSuZ6S07FU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuFLQMsbFM0DwgWcLsZDYZMjuzzMwKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3DxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jfvqdJMijsziqkf4b5gISPYWOm21b3o5gtu0Z0CLRNvTgrlo9o3e698VLv5z05PkiSiwhCOtW57bmz8FCvDCKfjXCfRNMZkiPu0banAEdV+Oj11jE6t0kOhVLaEQVP190SKI61HUWA7I2wGetGbiP957cSEV37KRJwYKshsUZhwZCSa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiEMtxAFepAoA8P8ATPDncenRfnddaaceYzh/AHztsPv2ORJA==</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>cSMC

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF
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Controlled SMC: the hall of prophecy

Ideal proposal is the smoothing distribution

p(xt | xt−1, yt:T) ∝ f(xt | xt−1) g(yt | xt)p(yt+1:T | xt)︸ ︷︷ ︸
=p(yt:T|xt):=ψ⋆

t (xt)

.

Construct approximate proposal

q(xt | xt−1, yt:T) ∝ f(xt | xt−1)ψt(I(xt)),

through approximation of ψ⋆t (xt).

(Heng at al., 2020; Guarniero, Johansen & Lee, 2017)
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Backward information filter
Backward information filter (BIF) ψ⋆t (xt) = p(yt:T | xt).

Recursive definition

ψ⋆t (xt) = g(yt | xt)
∑

xt+1∈{0,1}N

ψ⋆t+1(xt+1)f(xt+1 | xt)︸ ︷︷ ︸
f(ψ⋆

t+1(xt+1)|xt)

.

We seek an recursive approximation.
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Approximating the conditional expectation
f(· | xt)

<latexit sha1_base64="5GssvWMgDHQhEQgOf80qRwFgLqc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQEUpSF7osunFZwT6gCWUymbRDJw9mbsQQ6le4d+NCEbd+iLv+jdPHQlsPXDiccy/33uMlgiuwrIlRWFvf2Nwqbpd2dvf2D8zDo7aKU0lZi8Yill2PKCZ4xFrAQbBuIhkJPcE63uhm6ncemFQ8ju4hS5gbkkHEA04JaKlvloOqQ/0YsBNyHz/2cxif9c2KVbNmwKvEXpBK48Q5f540smbf/Hb8mKYhi4AKolTPthJwcyKBU8HGJSdVLCF0RAasp2lEQqbcfHb8GJ9qxcdBLHVFgGfq74mchEploac7QwJDtexNxf+8XgrBlZvzKEmBRXS+KEgFhhhPk8A+l4yCyDQhVHJ9K6ZDIgkFnVdJh2Avv7xK2vWafVGr3+k0rtEcRXSMTlAV2egSNdAtaqIWoihDL+gNvRtPxqvxYXzOWwvGYqaM/sD4+gH2/ZdO</latexit>

f(· | it)
<latexit sha1_base64="yi1reI2NVbyQ7mJgpkS7XewTeYs=">AAACBXicbVC7SgNBFJ2NrxhfUUsthgQhIoTdWGgZtLGMYB6QDWF2djYZMruzzNwVwpLGxh/wI2wsFLH1H+zyN84mKTR6YOBwzj3cuceLBddg21Mrt7K6tr6R3yxsbe/s7hX3D1paJoqyJpVCqo5HNBM8Yk3gIFgnVoyEnmBtb3Sd+e17pjSX0R2MY9YLySDiAacEjNQvHrvS2Fk6DSYVl/oSsBtyH/M+nPaLZbtqz4D/EmdByvWSe/Y0rY8b/eKX60uahCwCKojWXceOoZcSBZwKNim4iWYxoSMyYF1DIxIy3UtnV0zwiVF8HEhlXgR4pv5MpCTUehx6ZjIkMNTLXib+53UTCC57KY/iBFhE54uCRGCQOKsE+1wxCmJsCKGKm79iOiSKUDDFFUwJzvLJf0mrVnXOq7Vb08YVmiOPjlAJVZCDLlAd3aAGaiKKHtAzekVv1qP1Yr1bH/PRnLXIHKJfsD6/AThdm1k=</latexit>

↵(xt)
<latexit sha1_base64="ODw4RCeJgrtMd/nNqbkNgp90BCw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzdAiVISS1IUui25cVrAPaEKYTCft0EkmzEzEELvwH/wCNy4UcetvuOvfOGm70NYDA4dz7uHeOX7MqFSWNTEKK6tr6xvFzdLW9s7unrl/0JY8EZi0MGdcdH0kCaMRaSmqGOnGgqDQZ6Tjj65zv3NPhKQ8ulNpTNwQDSIaUIyUljzzyOHaztOZg1g8ROPqg6dOPbNi1awp4DKx56TSKDtnz5NG2vTMb6fPcRKSSGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zRCIZFuNr1/DE+00ocBF/pFCk7V34kMhVKmoa8nQ6SGctHLxf+8XqKCSzejUZwoEuHZoiBhUHGYlwH7VBCsWKoJwoLqWyEeIoGw0pWVdAn24peXSbtes89r9VvdxhWYoQiOQRlUgQ0uQAPcgCZoAQwewQt4A+/Gk/FqfBifs9GCMc8cgj8wvn4AYVaZTA==</latexit>

↵(xt)
<latexit sha1_base64="4pOISK+K8fGzdU3leC6pqXqN9WU=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoCCWpC10W3bisYB/QhDKZTtqhk0mcuSmG0L8Q3LhQxK0f465/4/Sx0NYDFw7n3Mu99/ix4Bpse2Ll1tY3Nrfy24Wd3b39g+LhUVNHiaKsQSMRqbZPNBNcsgZwEKwdK0ZCX7CWP7yd+q0RU5pH8gHSmHkh6UsecErASF7mEhEPyLj81IXzbrFkV+wZ8CpxFqRUO3Uvnie1tN4tfru9iCYhk0AF0brj2DF4GVHAqWDjgptoFhM6JH3WMVSSkGkvmx09xmdG6eEgUqYk4Jn6eyIjodZp6JvOkMBAL3tT8T+vk0Bw7WVcxgkwSeeLgkRgiPA0AdzjilEQqSGEKm5uxXRAFKFgciqYEJzll1dJs1pxLivVe5PGDZojj07QKSojB12hGrpDddRAFD2iF/SG3q2R9Wp9WJ/z1py1mDlGf2B9/QCsepUB</latexit>

f( ?
t+1(xt+1) | xt)

<latexit sha1_base64="bya8A7YxDgYY+iPZWIKXLzm9GbM=">AAACEHicbVC7SgNBFJ2NrxhfUUubQRE3CGE3FlqKNpYRzAOycZmdzOqQ2Qczd8WwrB8g2PgLfoKNhSK2lnbW/oiTbAqNHrhw5px7mXuPFwuuwLI+jcLU9MzsXHG+tLC4tLxSXl1rqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOX1j4d+64pJxaPwDAYx6wbkIuQ+pwS05JZ3fNOJFXdT2LWz89RRQGRmXufvCnYC3sPXLlTc8pZVtUbAf4k9JluHpvl1e6Me6m75w+lFNAlYCFQQpTq2FUM3JRI4FSwrOYliMaF9csE6moYkYKqbjg7K8LZWetiPpK4Q8Ej9OZGSQKlB4OnOgMClmvSG4n9eJwH/oJvyME6AhTT/yE8EhggP08E9LhkFMdCEUMn1rpheEkko6AxLOgR78uS/pFmr2nvV2qlO4wjlKKINtIlMZKN9dIhOUB01EEV36BE9oxfj3ngyXo23vLVgjGfW0S8Y799FpZ/F</latexit>

f( t+1(it+1) | it)
<latexit sha1_base64="QgmdzAi4aSqZ0C4SPhNnyJMXakA=">AAACE3icbVDLSgMxFM34rPVVdekmtAithTJTF7osunFZwT6gMwyZNNOGZh4kd4Rh6D+40F9x40IRt27c9W9MHwttPRByOOceknu8WHAFpjkx1tY3Nre2czv53b39g8PC0XFbRYmkrEUjEcmuRxQTPGQt4CBYN5aMBJ5gHW90M/U7D0wqHoX3kMbMCcgg5D6nBLTkFs7tSNvTdOaPy3asuJtB1RqXF3cF2wHvY+5CxS2UzJo5A14l1oKUGkW7+jRppE238G33I5oELAQqiFI9y4zByYgETgUb5+1EsZjQERmwnqYhCZhystlOY3ymlT72I6lPCHim/k5kJFAqDTw9GRAYqmVvKv7n9RLwr5yMh3ECLKTzh/xEYIjwtCDc55JREKkmhEqu/4rpkEhCQdeY1yVYyyuvkna9Zl3U6ne6jWs0Rw6doiIqIwtdoga6RU3UQhQ9ohf0ht6NZ+PV+DA+56NrxiJzgv7A+PoBCU+gjw==</latexit>

αn(xt) =

{
λN−1I(xt), if xn

t = 0 (S → I),
1− γ, if xn

t = 1 (I → I).

λ = N−1
N∑

n=1

λn, γ = N−1
N∑

n=1

γn.

α is in fact a function of it ∈ [0 : N].
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Recursive approximation

f(· | xt)
<latexit sha1_base64="5GssvWMgDHQhEQgOf80qRwFgLqc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQEUpSF7osunFZwT6gCWUymbRDJw9mbsQQ6le4d+NCEbd+iLv+jdPHQlsPXDiccy/33uMlgiuwrIlRWFvf2Nwqbpd2dvf2D8zDo7aKU0lZi8Yill2PKCZ4xFrAQbBuIhkJPcE63uhm6ncemFQ8ju4hS5gbkkHEA04JaKlvloOqQ/0YsBNyHz/2cxif9c2KVbNmwKvEXpBK48Q5f540smbf/Hb8mKYhi4AKolTPthJwcyKBU8HGJSdVLCF0RAasp2lEQqbcfHb8GJ9qxcdBLHVFgGfq74mchEploac7QwJDtexNxf+8XgrBlZvzKEmBRXS+KEgFhhhPk8A+l4yCyDQhVHJ9K6ZDIgkFnVdJh2Avv7xK2vWafVGr3+k0rtEcRXSMTlAV2egSNdAtaqIWoihDL+gNvRtPxqvxYXzOWwvGYqaM/sD4+gH2/ZdO</latexit>

f(· | it)
<latexit sha1_base64="yi1reI2NVbyQ7mJgpkS7XewTeYs=">AAACBXicbVC7SgNBFJ2NrxhfUUsthgQhIoTdWGgZtLGMYB6QDWF2djYZMruzzNwVwpLGxh/wI2wsFLH1H+zyN84mKTR6YOBwzj3cuceLBddg21Mrt7K6tr6R3yxsbe/s7hX3D1paJoqyJpVCqo5HNBM8Yk3gIFgnVoyEnmBtb3Sd+e17pjSX0R2MY9YLySDiAacEjNQvHrvS2Fk6DSYVl/oSsBtyH/M+nPaLZbtqz4D/EmdByvWSe/Y0rY8b/eKX60uahCwCKojWXceOoZcSBZwKNim4iWYxoSMyYF1DIxIy3UtnV0zwiVF8HEhlXgR4pv5MpCTUehx6ZjIkMNTLXib+53UTCC57KY/iBFhE54uCRGCQOKsE+1wxCmJsCKGKm79iOiSKUDDFFUwJzvLJf0mrVnXOq7Vb08YVmiOPjlAJVZCDLlAd3aAGaiKKHtAzekVv1qP1Yr1bH/PRnLXIHKJfsD6/AThdm1k=</latexit>

↵(xt)
<latexit sha1_base64="ODw4RCeJgrtMd/nNqbkNgp90BCw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzdAiVISS1IUui25cVrAPaEKYTCft0EkmzEzEELvwH/wCNy4UcetvuOvfOGm70NYDA4dz7uHeOX7MqFSWNTEKK6tr6xvFzdLW9s7unrl/0JY8EZi0MGdcdH0kCaMRaSmqGOnGgqDQZ6Tjj65zv3NPhKQ8ulNpTNwQDSIaUIyUljzzyOHaztOZg1g8ROPqg6dOPbNi1awp4DKx56TSKDtnz5NG2vTMb6fPcRKSSGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zRCIZFuNr1/DE+00ocBF/pFCk7V34kMhVKmoa8nQ6SGctHLxf+8XqKCSzejUZwoEuHZoiBhUHGYlwH7VBCsWKoJwoLqWyEeIoGw0pWVdAn24peXSbtes89r9VvdxhWYoQiOQRlUgQ0uQAPcgCZoAQwewQt4A+/Gk/FqfBifs9GCMc8cgj8wvn4AYVaZTA==</latexit>

↵(xt)
<latexit sha1_base64="4pOISK+K8fGzdU3leC6pqXqN9WU=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoCCWpC10W3bisYB/QhDKZTtqhk0mcuSmG0L8Q3LhQxK0f465/4/Sx0NYDFw7n3Mu99/ix4Bpse2Ll1tY3Nrfy24Wd3b39g+LhUVNHiaKsQSMRqbZPNBNcsgZwEKwdK0ZCX7CWP7yd+q0RU5pH8gHSmHkh6UsecErASF7mEhEPyLj81IXzbrFkV+wZ8CpxFqRUO3Uvnie1tN4tfru9iCYhk0AF0brj2DF4GVHAqWDjgptoFhM6JH3WMVSSkGkvmx09xmdG6eEgUqYk4Jn6eyIjodZp6JvOkMBAL3tT8T+vk0Bw7WVcxgkwSeeLgkRgiPA0AdzjilEQqSGEKm5uxXRAFKFgciqYEJzll1dJs1pxLivVe5PGDZojj07QKSojB12hGrpDddRAFD2iF/SG3q2R9Wp9WJ/z1py1mDlGf2B9/QCsepUB</latexit>

f( ?
t+1(xt+1) | xt)

<latexit sha1_base64="bya8A7YxDgYY+iPZWIKXLzm9GbM=">AAACEHicbVC7SgNBFJ2NrxhfUUubQRE3CGE3FlqKNpYRzAOycZmdzOqQ2Qczd8WwrB8g2PgLfoKNhSK2lnbW/oiTbAqNHrhw5px7mXuPFwuuwLI+jcLU9MzsXHG+tLC4tLxSXl1rqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOX1j4d+64pJxaPwDAYx6wbkIuQ+pwS05JZ3fNOJFXdT2LWz89RRQGRmXufvCnYC3sPXLlTc8pZVtUbAf4k9JluHpvl1e6Me6m75w+lFNAlYCFQQpTq2FUM3JRI4FSwrOYliMaF9csE6moYkYKqbjg7K8LZWetiPpK4Q8Ej9OZGSQKlB4OnOgMClmvSG4n9eJwH/oJvyME6AhTT/yE8EhggP08E9LhkFMdCEUMn1rpheEkko6AxLOgR78uS/pFmr2nvV2qlO4wjlKKINtIlMZKN9dIhOUB01EEV36BE9oxfj3ngyXo23vLVgjGfW0S8Y799FpZ/F</latexit>

f( t+1(it+1) | it)
<latexit sha1_base64="QgmdzAi4aSqZ0C4SPhNnyJMXakA=">AAACE3icbVDLSgMxFM34rPVVdekmtAithTJTF7osunFZwT6gMwyZNNOGZh4kd4Rh6D+40F9x40IRt27c9W9MHwttPRByOOceknu8WHAFpjkx1tY3Nre2czv53b39g8PC0XFbRYmkrEUjEcmuRxQTPGQt4CBYN5aMBJ5gHW90M/U7D0wqHoX3kMbMCcgg5D6nBLTkFs7tSNvTdOaPy3asuJtB1RqXF3cF2wHvY+5CxS2UzJo5A14l1oKUGkW7+jRppE238G33I5oELAQqiFI9y4zByYgETgUb5+1EsZjQERmwnqYhCZhystlOY3ymlT72I6lPCHim/k5kJFAqDTw9GRAYqmVvKv7n9RLwr5yMh3ECLKTzh/xEYIjwtCDc55JREKkmhEqu/4rpkEhCQdeY1yVYyyuvkna9Zl3U6ne6jWs0Rw6doiIqIwtdoga6RU3UQhQ9ohf0ht6NZ+PV+DA+56NrxiJzgv7A+PoBCU+gjw==</latexit>

 ?
t (xt)

<latexit sha1_base64="sCJRkfVnszHQ/eR7ifDywm5RDg4=">AAAB/HicbVDLSsNAFJ3UV62vaJduQotQEUpSF7osunFZwT6giWEynbZDJ5MwcyOGUL/CvRsXirj1Q9z1b5w+Ftp64MLhnHu5954g5kyBbU+M3Nr6xuZWfruws7u3f2AeHrVUlEhCmyTikewEWFHOBG0CA047saQ4DDhtB6Prqd9+oFKxSNxBGlMvxAPB+oxg0JJvFt1YsfvMVYDl2IfKow+nvlm2q/YM1ipxFqRcL7lnz5N62vDNb7cXkSSkAgjHSnUdOwYvwxIY4XRccBNFY0xGeEC7mgocUuVls+PH1olWelY/kroEWDP190SGQ6XSMNCdIYahWvam4n9eN4H+pZcxESdABZkv6ifcgsiaJmH1mKQEeKoJJpLpWy0yxBIT0HkVdAjO8surpFWrOufV2q1O4wrNkUfHqIQqyEEXqI5uUAM1EUEpekFv6N14Ml6ND+Nz3pozFjNF9AfG1w8Hr5f7</latexit>

 t(it)
<latexit sha1_base64="GK76bdEM4xn0hTC/vZ1b+2n5hxw=">AAAB8nicbVDLSsNAFJ3UV62vqks3Q4tQEUpSF7osunFZwT4gCWUynbRDJ5MwcyOE0L/QjQtF3Po17vo3Th8LbT1w4XDOvdx7T5AIrsG2p1ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElawMHwXqJYiQKBOsG47uZ331iSvNYPkKWMD8iQ8lDTgkYyfUSzftQM3XRL1ftuj0HXifOklSbFe/yedrMWv3ytzeIaRoxCVQQrV3HTsDPiQJOBZuUvFSzhNAxGTLXUEkipv18fvIEnxtlgMNYmZKA5+rviZxEWmdRYDojAiO96s3E/zw3hfDGz7lMUmCSLhaFqcAQ49n/eMAVoyAyQwhV3NyK6YgoQsGkVDIhOKsvr5NOo+5c1RsPJo1btEARnaEKqiEHXaMmukct1EYUxegFvaF3C6xX68P6XLQWrOXMKfoD6+sH76WT/w==</latexit>

ψT(iT) = Bin(yT; iT, ρ), ψt(it) = Bin(yt; it, ρ)f(ψt+1 | it).

Approximating the backward information filter costs O(N3T) to
compute and O(NT) in storage.
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cSMC: weight and sampling

After the recursive approximation steps, cSMC takes essentially the
same sampling steps as in APF and has same cost of O(N2) per
time step.

Proposal
qt(xt, it | xt−1, θ) =

f(xt | xt−1)ψt(it)
f(ψt | xt−1)

.

Weight
wt(xt) =

g(yt | xt)f(ψt+1 | xt)

ψt(I(xt))
.
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More information
Proposals to sample particles for x0 in the three SMC methods:

BPF µ(x0)

APF f(x0 | y0)

cSMC q(x0 | y0:T) ≈ p(x0 | y0:T)

BPF

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>APF

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>

cSMC y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y0
<latexit sha1_base64="hbzkJgEEq266tV8Ms8mtZN2ZN1w=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/uFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+fCRSw==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

y3
<latexit sha1_base64="zb0h8EzJJttXCKNNVSTXZYOPJeI=">AAAB6nicbVC7SgNBFL0bXzE+ErVUZDAIVmE3KbQM2lgmaB6QLGF2MpsMmZ1dZmaFZUlpaWOhiK0fke+w8xv8CSePQhMPXDiccy/33uNFnClt219WZm19Y3Mru53b2d3bzxcODpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sa/SKxTtkj0DWiXOghSrJ5P69+PppNYrfHb7IYkDKjThWKmOY0faTbHUjHA6znVjRSNMRnhAO4YKHFDlprNTx+jcKH3kh9KU0Gim/p5IcaBUEnimM8B6qJa9qfif14m1f+WmTESxpoLMF/kxRzpE079Rn0lKNE8MwUQycysiQywx0SadnAnBWX55lTTLJadSKtdNGtcwRxaO4QwuwIFLqMIt1KABBAbwBC/wanHr2Xqz3uetGWsxcwR/YH38AP58kU4=</latexit>

y4
<latexit sha1_base64="zu4xgHrO26Lo0USBENP2m1fBaik=">AAAB6nicbVDLSgNBEOyNrxhfUY+KDAbBU9hNBD0GvXhM0DwgWcLsZDYZMju7zMwKy5KjRy8eFPHqR+Q7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHNxG8+UKlYKO51ElE3wH3BfEawNtJd0r3o5gt20Z4CLRNnTgqV43Ht+/FkXO3mPzu9kMQBFZpwrFTbsSPtplhqRjgd5TqxohEmQ9ynbUMFDqhy0+mpI3RmlB7yQ2lKaDRVf0+kOFAqCTzTGWA9UIveRPzPa8fav3JTJqJYU0Fmi/yYIx2iyd+oxyQlmieGYCKZuRWRAZaYaJNOzoTgLL68TBqlolMulmomjWuYIQtHcArn4MAlVOAWqlAHAn14ghd4tbj1bL1Z77PWjDWfOYQ/sD5+AAAPkU8=</latexit>



ABM HMM APF cSMC Summary Discussions

More information, better performance & higher cost
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method use of y0:T in proposal run-time

BPF past O(NTP)

APF past and present O(N2TP)

cSMC past, present and future O(N2TP) +O(N3T)



ABM HMM APF cSMC Summary Discussions

SMC comparison: effective sample size

●

● ●

●

●

●

●

●

●

●

●

●

●
●

● ● ●

●

●

●

●
●

● ●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

● ●

●

●

●

●

●

●
● ● ●

● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

● ●

●

●

● ●

●

●

●

● ●
● ●

● ●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ● ● ●
●

● ●

●

●

●

●

●

●

● ● ●

●

●

●

●
● ●

●

●

●

●

●

● ● ● ● ● ●
●

●

●

●
●

●● ● ● ● ●

●

●
● ● ●

●
●

● ● ● ●
●

● ● ● ● ● ● ● ●
● ●

● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ●

● ● ●
●

● ●
●

● ● ● ● ● ● ● ●
● ●

● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ●

● ● ● ● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

● ●

●

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

●
●

●

●

●

●

●
●

●

●
●

●
●

●

●

● ●

●

●

●

● ●
● ● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●
●

● ●
● ●

●

●

●

●

●

●

●

● ● ●

●

●

●
●

● ●

●

●

●

●

●

● ● ● ● ● ●
●

●

●

●
●

●● ● ● ● ●

●

●
● ● ●

●
●

● ● ● ●
●

● ● ● ● ● ● ●

●

●
●

● ● ● ● ● ●
● ● ● ●

● ● ● ● ● ●
● ●

●
● ●

●

●

● ● ● ● ● ● ● ●
● ●

● ● ● ● ● ● ● ● ● ● ● ● ● ●

●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

o
rig

in
a

l
o

u
tlie

rs

0 25 50 75 90

0

25

50

75

100

0

25

50

75

100

time

E
S

S
%

method ● ● ●BPF APF cSMC

Bottom panel: replace observation at t ∈ {25, 50, 75} by 2yt.



ABM HMM APF cSMC Summary Discussions

SMC comparison: variance and run-time

Variance of log p̂θ(y0:T) at data generating parameter θ⋆:

BPF APF cSMC
P Var Run-time Var Run-time Var Run-time
64 4.32 0.09 0.281 1.49 0.0696 1.46
128 2.39 0.17 0.154 2.95 0.0285 2.88
256 1.67 0.33 0.110 5.85 0.0164 5.72
512 0.88 0.63 0.056 11.72 0.0087 11.41
1024 0.55 1.25 0.026 23.46 0.0049 22.83
2048 0.31 2.49 0.011 47.48 0.0020 45.97

N = 100,T = 90, heterogeneous agents with d = 2.
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SMC comparison: variance

Variance of log p̂θ(y0:T) at βλ ̸= β⋆λ:

BPF APF cSMC
64 - 71.88 13.52
128 - 39.52 8.62
256 - 26.86 4.11
512 - 18.98 3.57
1024 - 13.38 2.05
2048 - 9.93 1.15

data generating parameters (DGP) is β⋆
λ = (−1, 2) and non-DGP βλ = (−3, 0).

N = 100,T = 90, heterogeneous agents with d = 2.
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Numerical illustration: log-likelihood
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.
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Numerical illustration: log-likelihood
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Summary

In the talk:
agent-based models for transmission of infectious diseases,
sequential Monte Carlo algorithms: APF, cSMC.

In the manuscripts:
APF and cSMC for the SIR model,
theoretical support of cSMC and BIF approximations,
Bayesian parameter inference using particle Markov chain
Monte Carlo.
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Contributions

Ju, N., Heng, J., and Jacob, P. E. (2021). Sequential Monte
Carlo algorithms for agent-based models of disease
transmission. arXiv preprint.

Zhao, Q., Ju, N., Bacallado, S., and Shah, R. (2020). BETS:
The dangers of selection bias in early analyses of the
coronavirus disease (COVID-19) pandemic. Annals of
Applied Statistics.

Heng, J., Jacob. P.E., and Ju,N. (2020). A simple Markov
chain for independent Bernoulli variables conditioned on
their sum. Under review.
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Discussions

Model extensions: negative binomial noise; observations at
regular intervals; observing difference in infection counts.

Statistical properties: parameter identifiability and estimation
consistency; choice of prior.

Model comparison: equation-based vs. agent-based model,
bias-variance trade-off.

Network: unknown network; dynamic network.

And more!
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Concluding remarks

不积跬步 无以至千里
不积小流 无以成江海

– 荀子《劝学》
’Unless you collect

little steps,
you can never journey

a thousand miles;
Unless you gather

tiny streams,
you can never make

a river or a sea.’
– Xun Zi.
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Individual reproductive number

If all agents are the same λn = λ, γn = γ for all n ∈ [1 : N].

Basic reproductive number

R0 = λ/γ.

If agents are heterogeneous, we define Rn
0 = λn/γn.
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